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Magnetic space groups vs. irreducible 

representations

- Historically they have been considered as alternative methods for 

the description of magnetic structures

Summary of the message:

- But, in fact, the best approach is to combine both concepts.  

- The computer tools available now allow an easy/direct  

combination of the two concepts in the determination of the 

two methods 

- Depending on the magnetic structure two situations can occur:

case 1: the MSG is only compatible with single irrep ( ≈ 70%)

case 2: the MSG is compatible with more than one irrep: the degrees    

of freedom of the spin arrangement under the constraints of the MSG 

can be decomposed into irreps and described with irreps basis 

vectors/modes



Possible spin arrangements for a magnetic structure  

having space group Pnma in the paramagnetic phase and a 

magnetic ordering with propagation vector k=(1/2,0,0)?

Pnma.1’

?

Representation based modelling of magnetic structures    

k=(1/2,0,0)

HoMnO3

Mn at  WP 4b 

Number  of Mn atoms in the unit cell =4

Example of case 1:



ALL possible magnetic symmetries for a magnetic phase with

propagation vector (1/2,0,0) and parent space group Pnma

(magnetic cell= (2ap,bp,cp))

exp(i2k.a) = -1

obtained with 

k-SUBGROUPSMAG

Symmetry based modelling of magnetic structures    

HoMnO3



Possible magnetic symmetries for a magnetic phase with

propagation vector (1/2,0,0) and parent space group Pnma

Symmetry based modeling in magnetic structures    

BUT only those that can be the result of a Landau-type transition

 (single irrep order parameter)

HoMnO3

obtained with 

k-SUBGROUPSMAG:

Reminder:

Mrep= 3 mX1(2) ⊕ 3 mX2(2)

only two irreps, but 6 possible

distinct MSGs



T[{R, |t}]
a

b

..

..

=

nxn matrix of irrep 

{R,|t} is 

conserved

by the magnetic
arrangement

Invariance equation:

epikernels

of the irrep,

depending on

the direction

(a,a,…) ,(a,0,…), 

etc… 

kernel of the irrep:

operations 

represented

by the unit matrix.

MSG kept by any

direction (a,b,…) 

isotropy subgroups:

a

b

..

..

Possible Magnetic Space Groups (MSGs) for a single irrep: 

T(gi) =  
0    1

1    0  

Example:

T(gi) 
a

a

a

a
= ➔

gi will belong to the

MSG if OP=(a,a)

gi ={R, -1|t}



K-SUBGROUPSMAG output:

Link to Get_mirreps



Get_mirreps: Irreps that are compatible with a given magnetic 

phase transition

Input: SG of the paramagnetic phase + MSG of the 

magnetic phase and their relation 

primary irrep

for Pamn21



k-SUBGROUPSMAG determine the epikernels and kernel of any irrep 

and produce magnetic structural models complying with them.  

filter

by

irreps

only

commensurate



Possible MSGs for a magnetic structure with space group Pnma, 

with propagation vector k=(1/2,0,0), and a magnetic ordering 

according to the irrep mX1.   

Mrep= 3 mX1(2)⊕ 3 mX2(2)

6 basis spin modes: 6 parameters

6 parameters

3 parameters 3 parameters

possible competing

phase in the phase diagram

HoMnO3



Possible magnetic symmetries for a magnetic phase with

propagation vector (1/2,0,0) and parent space group Pnma

Symmetry based modeling in magnetic structures    

BUT only those that can be the result of a Landau-type transition

 (single irrep order parameter)

obtained with 

k-SUBGROUPSMAG

2-dim irrep mX1 (k=(1/2,0,0))2-dim irrep mX2 (k=(1/2,0,0))

HoMnO3

Mrep= 3 mX1(2)⊕ 3 mX2(2)

6-dim 6-dim

6-parameters

3-parameters

In this example: The MSG of 

structure is only compatible with a 

single irrep.



HoMnO3  (Magndata #1.20)

BNS magnetic space group: Pbmn21 (#29.104) (non-standard) 

parent space group: Pnma, k=(1/2,0,0)

transformation from parent structure: (2a,b,c;0,0,0)

Transformation to standard setting: (-b,a,c;1/8,1/4,0) 

magnetic space group:

k-maximal symmetry

2-dim irrep mX1 but restricted to a special 

direction:

fixed combination of each pair of spin basis 

functions => half number of degrees of 

freedom with respect to only restricting to the 

irrep mX1 

Does the identification of the irrep bring some additional knowledge or

constraint?  …NO

NOT symmetry forced

(Because the MSG of structure is only compatible with a single irrep…)

Example of case 1:



P63/mmc.1’ ??

k=(0,0,0)

Mn3Sn 

Another example irreps vs MSG with some more complications:

Mn Wyckoff position: 6h (x,2x,1/4)

194

5.665 5.665 4.531 90 90 120

2

Mn1 6h 0.8388 0.6776 0.25

Sn1 2d 0.33333 0.66667 0.25

Example of case 2



P63/mmc.1’ ??

k=(0,0,0)

Mn3Sn 

Possible magnetic symmetries for a magnetic phase with

propagation vector (0,0,0) and parent space group P63/mmc

Only those that can be the result of a Landau-type transition (single irrep order parameter):



P63/mmc.1’ ??

k=(0,0,0)

Mn3Sn   

mGM1- mGM2+ mGM3+ mGM4+ mGM4- mGM3- mGM2- mGM1+ 

mGM5- mGM6+ mGM5+ mGM6- 

order parameter irrep (CDML notation):

Possible magnetic symmetries for a magnetic phase with

propagation vector (0,0,0) and parent space group P63/mmc

Only those that can be the result of a Landau-type transition (single irrep order parameter):

not k-maximal but possible as the result of a single active irrep



P63/mmc.1’ ??

k=(0,0,0)

Mn3Sn 

Possible magnetic symmetries for a magnetic phase with

propagation vector (0,0,0) and parent space group P63/mmc

Only those that can be the result of a Landau-type transition (single irrep order parameter):





1-dim irrep   ------ one to one correspondance with P63’/m’mc’  

Output of Get_mirreps



P63/mmc.1’ ??

k=(0,0,0)

Mn3Sn 

Possible magnetic symmetries for a magnetic phase with

propagation vector (0,0,0) and parent space group P63/mmc

Only those that can be the result of a Landau-type transition (single irrep order parameter):



2-dim irrep  primary mGM6+ along special direction Cmc’m  

secondary irrep

primary irrep



4 basis functions/vectors

2 parameters 2 parameters

4 parameters

2-dim irrep mGM6+ 

k=(0,0,0)Mn3Sn 

Number of free parameters for the 

mGM6+ ordering, depending on the 
constraint to one of the possible 
MSGs

(-b,2a+b,c;0,0,0)(-b,2a+b,c;0,0,0)

FM along 2a+b FM along b



1-dim irrep mGM3+ 

2-dim irrep mGM6+ 

Von Neumann principle: 

Everything that keeps the symmetry Cmc’m’ is allowed and can happen…

Anything that keeps the symmetry P6’3/m’mc’ keeps the symmetry of its subgroup Cmc’m’

THEREFORE…. a spin arrangement according to the irrep mGM3+ is also allowed in the 

structure with MSG Cmc’m’  

In this case, the MSG of the 

structure is compatible 

with more than one irrep



P63/mmc.1’ ??

k=(0,0,0)

Mn3Sn 

mGM3+ mGM4+ 

mGM6+ 

Possible magnetic symmetries for a magnetic phase with

propagation vector (0,0,0) and parent space group P63/mmc (LANDAU)

not k-maximal symmetry

From MAGNETIC REP:



loop_

_atom_site_moment.label
_atom_site_moment.crystalaxis_x

_atom_site_moment.crystalaxis_y
_atom_site_moment.crystalaxis_z
_atom_site_moment.symmform

Mn1_1 3.00(1) 3.00 0.00000 mx,my,0
Mn1_2 0.00000 -3.00 0.00000 0,my,0

_space_group_magn.transform_BNS_Pp_abc  '-b,2a+b,c;0,0,0’

_space_group_magn.number_BNS  63.463

_space_group_magn.name_BNS  "C m c' m'"

_cell_length_a             5.66500

_cell_length_b             5.66500

_cell_length_c             4.53100

_cell_angle_alpha          90.00

_cell_angle_beta           90.00

_cell_angle_gamma    120.00

loop_

_space_group_symop_magn_operation.id

_space_group_symop_magn_operation.xyz

1 x,y,z,+1

2 -x,-x+y,-z,+1

3 -x,-y,-z,+1

4 x,x-y,z,+1

5 x,x-y,-z+1/2,-1

6 -x,-y,z+1/2,-1

7 -x,-x+y,z+1/2,-1

8 x,y,-z+1/2,-1

loop_

_space_group_symop_magn_centering.id

_space_group_symop_magn_centering.xyz

1 x,y,z,+1

loop_

_atom_site_label
_atom_site_type_symbol

_atom_site_fract_x
_atom_site_fract_y
_atom_site_fract_z

Mn1_1 Mn 0.83880 0.67760 0.25000
Mn1_2 Mn  0.32240 0.16120 0.25000

Sn1 Sn 0.333333 0.666667 0.25000

P63/mmc1’ Cmc’m’ (-b, 2a+b, c; 0,0,0)

3 parameters because in

addition to the constrained mGM6+

arrangement, also a mGM3+ component

is also physically possible in the same phase

Mn3Sn (MAGNDATA #0.199)

2 parameters if the mGM3+ component 

is set to zero. Only one parameter 

because in addition, the two moment 

magnitudes are  forced to be equal.



4 basis functions/vectors

2-dim irrep mGM6+ 

k=(0,0,0)Mn3Sn 

Number of free parameters for the 

mGM6+ ordering, depending on the 
constraint to one of the possible 
MSGs

(-b,2a+b,c;0,0,0)(-b,2a+b,c;0,0,0)

magndata 0.200 magndata 0.199

FM along 2a+b FM along b



Other programs that  determine the epikernels and kernel of any irrep, 

and produce magnetic structural models complying with them.  

http://stokes.byu.edu/iso/isotropy.php Stokes & Campbell, Provo

http://jana.fzu.cz/ V. Petricek, Prague

Program for mode analysis: (with irrep mode decomposition!) 

Program for structure refinement:

Both programs also support incommensurate 

cases, deriving epikernels and kernel of the irreps
in the form of MSSGs, and corresponding
magnetic models



FullProf can refine under a MSG the amplitudes of the irrep 

modes compatible with the MSG using output of ISODISTORT

mode 1 mGM3+

mode 2 mGM6+

mode 3 mGM6+

This is the future and is 

already available!

Part of the pcr file created with ISODISTORT:

mode amplitudes to refine



FullProf can refine under a MSG the amplitudes of the irrep 

modes compatible with the MSG using output of ISODISTORT

mode 1 mGM3+

mode 2 mGM6+

mode 3 mGM6+
Mn1_1  (a,2a,0)

Mn1_2  (0,0,0)

Mn1_1  (a,0,0)

Mn1_2  (0,-2a,0)

Part of the pcr file created with ISODISTORT:

Mn1_1  (a,0,0)

Mn1_2  (0,a,0)

Refinement in terms of the amplitudes of the three 

irrep basis modes/vectors compatible with the MSG

Description of the posible irrep basis vectors involved in the structure under 

a fixed MSG: The spins of all atoms in the unit are NOT needed! Only 

those in the asymmetric unit. The MSG operations takes care of rest.

Description of the irrep basis vectors involved 

When defined under the MSG symmetry of the structure, the description of 

the basis modes/vectors:

- does not require complex functions

- does not require full listing of the spins in the unit cell. 



FullProf can refine under a MSG the amplitudes of the irrep 

modes compatible with the MSG using output of ISODISTORT

mode 1 mGM3+

mode 2 mGM6+

mode 3 mGM6+
Mn1_1  (a,2a,0)

Mn1_2  (0,0,0)

Mn1_1  (a,0,0)

Mn1_2  (0,-2a,0)

Part of the pcr file created with ISODISTORT:

Mn1_1  (a,0,0)

Mn1_2  (0,a,0)

Refinement solution in terms of the amplitudes of the three irrep basis modes:

A1_mGM3+ = 0           A2_mGM6+ = A_3mGM6+ = some equal value

Mn1_1  (a,2a,0)

Mn1_2  (0,0,0)

Mn1_1  (a,0,0)

Mn1_2  (0,-2a,0)+ = 
Mn1_1  (2a,2a,0)

Mn1_2  (0,-2a,0)

Mn1_1  (1,1,0)

Mn1_2  (0,-1,0)
== 

Mn1_1  (a,2a,0)

Mn1_2  (0,0,0)

Mn1_1  (a,0,0)

Mn1_2  (0,-2a,0)- = 
Mn1_1  (0,2a,0)

Mn1_2  (0,2a,0)

Mn1_1  (0,1,0)

Mn1_2  (0,1,0)
== 

Choice of  basis modes for each irrep is not unique, if several ones. 

Alternative  linear combinations are posible modes:



- The secondary irrep mGM3+  spin 

mode is absent.

- Only the irrep mGM6+ mode is 

present, but the model includes an 

additional constraint (c2=0), which is 

not forced by the restriction to this 

single irrep. It is a FM mode along b 

(weak Ferromagnetism ). 

loop_

_atom_site_moment.label
_atom_site_moment.crystalaxis_x

_atom_site_moment.crystalaxis_y
_atom_site_moment.crystalaxis_z
_atom_site_moment.symmform

Mn1_1 3.00(1) 3.00 0.00000 mx,my,0
Mn1_2 0.00000 -3.00 0.00000 0,my,0

from the mCIF file of the structure:



What about magnetic incommensurate structures?

Their symmetry is given by 

a magnetic superspace group (MSSG) 





Ce2Pd2Sn magndata 1.1.9

parent space group: P4/mbmsuperspace group: Pbam1'(00)0s0s  

symmetry of the

phase

space inversion conserved

{1’|000½ }

and {-1|0000}  

k= (,0,0) – 2dim irreps

irreps

A 2-dim incommensurate 

irrep has a one to one 

correpondence with a 

SINGLE SSG 

http://webbdcrista1.ehu.es/magndata/index_incomm.php?index=1.1.9




One single Order Parameter

with ANY OP direction (a,b) – no special

direction

it requires 2  independent Order Parameters  

with the same irrep

(Landau condition is NOT fulfilled)

can be misleading!

Beware when interpreting ISODISTORT output:

OP1(a,b)+OP2(a’,b’)

The dimension of an irrep with an incommensurate k are ≥ 2 

(because (k,-k) go together)

A 2-dim incommensurate irrep has a one to one correpondence with a SINGLE SSG 



(4-dim)

Two possible higher alternative superspace symmetries for the

same irrep. 



RbFe(MoO4)2 : A phase diagram with phases and symmetries 

caused by a single active 4-dim magnetic irrep 

Polar symmetry:

induced (improper ferroelectricity)
Multiferroic phase

Non-polar symmetry:

No polarization

Magnetic field

along [1,-1,0]

Phase diagram 

          after
Kenzelmann et al. 

PRL 2007



Conclusions 1:

• The assignment of MSG is a must: Whatever method is employed to 

determine a commensurate magnetic structure, the final model has 

necessarily a certain symmetry that must be given by a MSG, which 

should be identified.

• The description using the MSG in a crystallographic form is the best 

“way”: The simpler, more robust and unambiguous form of describing a 

commensurate magnetic structure is to use consistently its MSG and only 

give the atomic positions and magnetic moments of a set of

symmetry independent atoms with respect to this MSG.    

• The MSG is relevant for all properties: Properties of commensurate 

magnetic phases are constrained by their MSG, including their atomic 

positions. Any possible magneto-structural induced effect is constrained 

by the MSG. 



Conclusions 2:

• In the case of incommensurate structures similar considerations 

apply but with MSSGs: The symmetry of these systems is described

by the so-called magnetic superspace groups (MSSGs).

• Representation analysis of magnetic structures is NOT in general 

equivalent to the use of magnetic symmetry (i.e. to give an irrep is 

not equivalent to give the magnetic space (superspace) group of the 

system).

• Irrep constraints additional to those of the MSG are not needed in 

most cases: Only in the less frequent case that the MSG of the structure 

is compatible with  more than one irrep for the magnetic arrangement, the 

restriction to a single  irrep introduces additional constraints not taken into 

account by the MSG, and their existence has to be indicated extra. In 

these cases the best approach is to combine magnetic symmetry and 

representation analysis.
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